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We realize a nonlinear acoustic lens composed of a two-dimensional array of sphere chains in-
terfaced with water. The chains are able to support solitary waves which, when interfaced with a
linear medium, transmit compact pulses with minimal oscillations. When focused, the lens is able
to produce compact pressure pulses of high amplitude, the “sound bullets”. We demonstrate that
the focal point can be controlled via pre-compression of the individual chains, as this changes the
wave speed within them. The experimental results agree well both spatially and temporally with
analytical predictions over a range of focus locations.
INTRODUCTION
The focusing of acoustic signals by acoustic lenses is
used in a variety of applications such as biomedical imag-
ing or underwater mapping [1–3]. Acoustic lenses typi-
cally work by using a linear material with a curved geom-
etry that has a speed of sound different from the coupled
medium, similar to an optical lens. Recently, metamate-
rials and phononic crystals have been used to create flat
acoustic lenses based on gradient impedances [4] and have
achieved an image resolution better than the diffraction
limit [5] or subwavelength resolution [6, 7]. An acous-
tic lens composed of a nonlinear material offers a novel
method of filtering and focusing signals [8]. Granular
crystals, defined as chains or lattices of particles in con-
tact with each other, are a widely studied example of non-
linear media [9, 10]. Their nonlinearity arises from the
Hertzian contact between particles; for spheres, the resti-
tution force is proportional to the relative displacement
to the three-halves power. When struck, granular crys-
tals can support solitary waves, which are stable pulses
with a compact profile and a speed nonlinearly dependent
on their amplitude. Unlike linear materials, no speed of
sound is defined for a strongly nonlinear granular crystal;
instead speed of the solitary wave is instead determined
by the material properties of the individual granules, the
striking force, and the amount that the particles are pre-
compressed prior to actuation [11, 12]. Granular crys-
tals were first investigated for use in an acoustic lens by
Spadoni and Daraio [8]. In their study, a one-dimensional
array of granular chains was used to focus stresses in a
polymeric plate and the resulting stress was imaged using
high-speed photoelasticity.
In this work, we have developed a nonlinear lens com-
posed of a two-dimensional array of sphere chains in-
terfaced with water, and we image the focused pressure
pulses using a scanning hydrophone. We show the ability
to focus acoustic signals in different locations in water by
tuning the static pre-compression applied to the individ-
ual granular chains. The solitary waves formed within
a two-dimensional array of chains are transmitted in the
water as a “sound bullet”, a bipolar focused region. A
sound bullet is illustrated in Figure 1a where the surfaces
are contours of constant pressure. Here, the positive and
negative regions of the sound bullet are shown to be com-
pact in three-dimensions.
The nonlinear acoustic lens has potential advantages
over linear lenses. First, each element of the nonlinear
lens generates pulses with minimal oscillations, so the
focus is compact, and other areas of constructive inter-
ference are minimized. Second, the lens can support and
focus high-amplitude solitary waves generated by high
strength actuators. Finally, because the solitary wave
speed depends on pre-compression [12], the focal length
can be controlled through mechanical means.
The unique acoustic properties of the sound bullets
have many possible applications to ultrasonic and under-
water acoustics in which transducers for the generation
of compact, high-amplitude pulses continue to be studied
[13]. High Intensity Focused Ultrasound (HIFU) for ther-
apeutic applications requires large pressure amplitudes at
the focus, while minimizing the amplitudes elsewhere to
prevent damage to healthy tissue [14, 15]. For generating
high resolution acoustic images, short cycles are desired
[16]. Since the timing and therefore the position of the
focus can be controlled mechanically, the lens could be
designed without the use of complicated electronics thus
operate in particularly inhospitable conditions [17].
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2EXPERIMENTAL SETUP
The experimental setup is shown in Figure 1b. The
lens is composed of 13 independent granular chains ar-
ranged in a square lattice (Figure 1b inset) such that the
nearest neighbor chains are 5.6 cm apart. Each chain
has a total of 30 stainless steel spheres of grade 440C
and 9.296 mm in diameter.
One crucial component of the nonlinear acoustic lens
is the interface which holds the spheres and separates
them from the water. Studies of a granular chain inter-
acting with a boundary served to guide the design [18–
21], but most of the prior studies have concentrated on
the reflected solitary waves and not the wave transmitted
though the boundary. We found that the properties of
the focus are sensitive to the design of the interface.
The interface designed for the chains has three compo-
nents (Figure 1c): a glass disk, a polymer encasing, and
a spacer. The collision time of the last sphere with the
interface depends on the material properties of the inter-
face, such that softer materials result in longer collision
times and, therefore, larger pulse widths [20]. Conse-
quently, the last sphere is in contact with a stiff borosil-
icate glass disk, diameter of 17.6 mm and thickness of
3.2 mm. The borosilicate glass has a density of 2210
kg/m3 and an elastic modulus of 63 GPa [22]. The
chains are individually supported by a polymer casing
created using an Objet 3D printer. The side tube of the
polymer encasing is made with VeroClear, a stiff poly-
mer, and has a radius of 11.7 mm, thickness of 2.7 mm
and length of 97.8 mm. VeroClear has a density of 1160
kg/m3, an elastic modulus of 1.13 GPa, and a poisson’s
ratio of 0.38 as measured using an Olympus V112 lon-
gitudinal transducer and an Olympus V156 shear trans-
ducer. The bottom hemisphere of radius 11.7 mm is made
with FLX9985-DM, a rubber-like polymer with a Shore
A hardness between 80-85 MPa [23]. The polymer encas-
ing serves three purposes, (a) to support the glass disk,
(b) to waterproof the chains, and (c) to damp resonant
vibrations of the glass disk. The interface also contains
a small spacer made of FLX9985-DM between the steel
tube holding the spheres and the glass disk, which serves
(a) to ensure an adequate spacing between the two and
(b) further reduce any resonant vibrations of the glass
disk. Oscillations of the polymer casing are additionally
damped by securing a thin neoprene rubber sheet with
zip ties to the outside.
The chains are pulsed with Piezomechanik piezo-
actuators (PIA 1000/10/15 PL16). Each piezo-actuator
is connected to a separate high voltage pulser (IXYS
HV1000) such that the pulsers keep the piezos at a high
voltage of 715 V for 20 µs. The solitary wave formed
within the chain is probed by a Polytec OFV-505 laser
vibrometer. The maximum velocity of a sphere five par-
ticles from the bottom is 0.555 m/s ± 0.033 m/s, which
leads to a solitary wave speed of 643 m/s and a maximum
force between the particles of 158 N [9].
Measurements are made in a tank of dimensions 1 m
long by 0.75 m wide by 0.75 m tall manufactured by
Precision Acoustics. The tank is filled with deionized
water at a temperature of 22 ◦C. Attached to the tank
is a three-axis positioning arm on which the hydrophone
is mounted. The hydrophone is manufactured by Bruel
and Kjaer type 8103 and it has a frequency range of 0.1
Hz to 180 kHz and a diameter of 9.5 mm.
The time at which the signal from each chain reaches
the water is controlled by pre-compression of the chain
by a set of screws and springs. The screws are able to
produce a force on the spheres between 0 - 70 N, which is
able to generate a change in the arrival time of the signal
to the water by approximately 0 - 55 µs. The maximum
amount of force is limited by the structural strength of
the polymer interface. The focal location is tuned empiri-
cally; specifically, the hydrophone is placed at the desired
focal location, and each piezo is pulsed individually. The
screws are then tightened until the desired time-of-flight
is achieved (the time between triggering a piezo to when
the peak pressure is measured at the hydrophone) such
that the time-of-flight for all elements are equal.
THEORETICAL DESCRIPTION
The theoretical model used to describe the focusing of
the nonlinear acoustic lens was developed in [8] and is
briefly described here. In the long wavelength limit, the
dynamics of a wave traveling strongly nonlinear granular
chain can be described by [9]
vn(t) =
{
An cos
4(αn) αn ∈ [−pi/2, pi/2]
0 otherwise
(1)
where
αn = ks[x− Vs,n(t−∆tn)].
Here, vn is the velocity corresponding to the n
th chain,
An is the amplitude, x is the position, t is the time, ∆tn
is the phase delay, ks =
√
10/(5D) is the wavenumber
with D equal to the diameter of the spheres, and Vs,n
is the solitary wave velocity. The solitary wave speed is
related to the static pre-compression, F0, and the maxi-
mum force, Fm, by
Vs,n ∝ F
1/6
0
f
2/3
r − 1
(
3 + 2f5/3r − 5f2/3r
)1/2
, (2)
where fr = F0/Fm.
To derive the pressure in the fluid target, the motion
of the interface is assumed to have the same waveform as
3the solitary wave velocity such that [8]
p(x, y, t) =
ρcks
2
N∑
n=1
BnVs,n[2 sin(2ksφn) + sin(4ksφn)]
rn
.
(3)
Here, the pressure field is nonzero for ksφn ∈ [−pi/2, pi/2],
ρ is the density of the target, c is the speed of sound in
the target, Bn is chosen to match the pressure amplitude,
rn is the distance from the chain, and φn = Vs,n(rn/c−
t+ ∆tn).
RESULTS
Measurements of the sound bullet are made for a va-
riety of focal locations by controlling the time delay of
the signals generated by each chain. Figure 2 shows the
pressure maps for both an on-axis (the sound bullet lo-
cated along the symmetrical axis of the lens) and off-axis
as the peak pressure of the sound bullet arrives at the fo-
cus. The parallel profile shows the large positive pressure
pole at the focus with the negative pole trailing behind;
whereas the normal profiles shows a cross section of just
the positive pole. Notice that outside of the focal re-
gion, the pressure is small. The theoretical predictions
(black lines) have an excellent agreement with experi-
ment. The asymmetrical deviations of the sound bullet
from the theory in Figures 2b and c is due to differences
in signal strength from individual chains as a result of
differences of the firing strengths of the piezo-actuators
and in the manufacture of the interface.
To further investigate the ability of the theory to cap-
ture the spatial form of the experiment, the results are
analyzed for different on-axis focal lengths. Figures 3a
and b show the pressure along a line that intersects the
focus normal and parallel, respectively, to the incident
wave. Here, the pressure is normalized to the maximum
pressure at the focus. From the data presented in Fig-
ures 3a and b, the experimental data is fitted to find the
full width half maximum (FWHM) of the positive pres-
sure pole for both parallel and normal profiles as shown
in Figure 3c. Excellent agreement is achieved between
experiment and theory as the on-axis focal length is in-
creased, showing that the theory is robust for a range
of focal locations. The amplitude of the sound bullet is
analyzed as a function of the focal length in the inset
of Figure 3c. The amplitude decreases by approximately
one-third as the focal length is doubled.
The shape of the sound bullet depends on the position
of the sound bullet and the placement of the chains. As
seen in Figure 3a, as the focal length decreases, the as-
pect ratio in the normal and parallel direction approaches
one, resulting in a“rounder” sound bullet. Additionally,
the four-fold symmetry of Figure 2b is due to the square
packing of the chains; a hexagonal packing would result
in a focus with six-fold symmetry. The size of the sound
bullet is dictated by the wavelength of the solitary waves
within each chain. The wavelength of the solitary waves
is approximately equal to 5D, therefore, reducing the size
of the spheres will result in a smaller focus.
The temporal profiles of the focused signals are shown
in Figure 4. The theory is able to capture both the
form and the wavelength of the bipolar pulse. However,
the experimental profile shows some oscillations after the
negative pole. Such oscillations are a result of resonant
vibrations of the interface. Further investigation and de-
velopment of the interface can lead to a further decrease
in the additional oscillations.
CONCLUSION
We have designed and constructed a two-dimensional
nonlinear acoustic lens interfaced with water. We have
demonstrated the tunability of the focal position by vary-
ing the static pre-compression applied to the individual
chains. The experimental data agrees well with the the-
ory. The nonlinear acoustic lens could find applications
in underwater and ultrasonic imaging, hydrophone cali-
bration, and high-intensity focusing.
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5FIG. 1. (a) Surfaces of constant pressure for a sound bullet generated using a 2D nonlinear acoustic lens. The red surfaces
are at 20, 40, 60, and 80 percent of the peak positive pressure and the blue surfaces are respectively for negative pressure. (b)
Schematic of the experimental setup. (c) A cross section of the interface supporting and separating granular chain from the
water.
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FIG. 2. Pressure map showing the formation of a sound bullet for (a, b) a position along the axis of the lens 10 cm away and
(c, d) a position 3 cm off-axis and 10 cm away from the lens. (a, c) show the cross sections parallel to the incident wave, and
(b, d) show the cross sections normal to the incident wave. The black lines are contour lines of the theoretical prediction.
7FIG. 3. Normalized pressure on a line that intersects the focus (a) normal to the incident wave (along the x-axis) and (b)
parallel to the incident wave (along the z-axis) for experiment (circles) and theory (lines) for focal lengths between 10 cm and
20 cm. (c) FWHM calculated from (a,b). The inset of (c) shows peak pressure at the focus.
FIG. 4. Pressure profile at the focus for an on-axis focus at a focal length of 10 cm.
